PUBLICATIONS DE L’INSTITUT MATHEMATIQUE

The space of operator valued functions seen as Hilbert
H*-module

Zlatko Lazovié

ABSTRACT. Let M be a space of weakly*-measurable functions F: Q — B(H)
on measure space (2,3, ), for which the function F*F is Gel’fand integrable
and ﬁg}'*]—'du is a nuclear operator on Hilbert space H. We show that M is
Hilbert H*-module which contains an orthonormal basis.

1. Introduction

A Hilbert H*-module W over an H*-algebra A is a right A-module which possesses
a 7(A)-valued product, where 7(A) = {ab | a,b € A} is the trace-class. At the same
time, W is a Hilbert space with the inner product given by the action of the trace
on the 7(A)-valued product.

The notion of H*-module is introduced by Saworotnow in [7] under the name
of generalized Hilbert space. It has been studied by Smith [9], Giellis [4] Molnar
[6], Cabrera et al. [3], Bakié¢ and Guljas [2] and others.

Unlike Hilbert C*-modules, it is well known that each Hilbert H*-module con-
tains basic elements, orthonormal systems and orthonormal bases (see [3] and [6]).
Moreover, all orthonormal bases for W have the same cardinal number.

In the present paper we construct an example of right Hilbert H*-module
over the algebra of Hilbert-Schmidt operators and find basic elements, orthonormal
system and orthonormal basis.

2. Basic notations and preliminary results

We recall that an H*-algebra is a complex associative Banach algebra A with
an inner product (-,-) such that (a,a) = ||al|? for all @ € A and for each a € A
there exists some a* € A such that (ab,c) = (b,a*c) and (ba,c) = (b,ca™) for all
b,c € A. The adjoint a* of a need not be unique (see [1]). Throughout this paper,
A will always denote a proper H*-algebra, i.e. H*-algebra where each element has
a unique adjoint.
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An idempotent in an H*-algebra is an element e such that e? = e # 0. A
projection e is a selfadjoint idempotent in A. A projection e is minimal if e # 0
and eAe = Ce.

The trace-class in a H*-algebra A is defined as the set 7(A) = {ab | a,b € A}.
The trace-class is selfadjoint ideal of A and it is dense in A, with respect to norm
7(-). The norm 7 is related to the given norm || - || on A by 7(a*a) = ||a||* for all
a € A. There exists a continuous linear form sp on 7(A) (trace) satisfying sp(ab) =
sp(ba) = (a*,b) . In particular, sp(a*a) = sp(aa*) = (a,a) = ||a||* = 7(a*a).

Let Coo(H) be the space of all compact and B(H) the space of all bounded
linear operators acting on a separable, infinite-dimensional and complex Hilbert
space H. In addition, let s;(A) be the sequence of singular values of the operator A.
The algebra Co = {A € O (H) | |A|l3 = jzoi s5(A) < +oo} is H*-algebra with
minimal projections of rank one O, ¢, given by O, ¢(g) = e(f,g), for e, f,g € H;
and with inner product (A, B) = sp(A*B) which satisfies (AB,C) = sp(B*A*C) =
(B, A*C) and (BA,C) = sp(A*B*C) = sp(B*CA*) = (B,CA*) for all A,B,C €
Cs.

A Hilbert A-module is a right module W over a H*-algebra A provided with a
mapping [-,-]: WxW — 7(A) which satisfies following conditions: [z, ay] = alz,y];
[z,y + 2] = [x,y] + [z, 2]; [x,ya] = [z,y] a; [z,y]* = [y, z]; W is Hilbert space with
the inner product (z,y) = sp([z,y]) for all « € C, x,y,2z € W, a € A and for all
x € W, x # 0 there is a € A, a # 0 such that [z,2] = a*a. Since M is a Hilbert
space, it is complete in the derived scalar-valued inner product sp ([z,y]).

An element w in a Hilbert H*-module W is said to be basic if there exists a
minimal projection e € A such that [u,u] = e. An orthonormal system in W is
a family of basic elements (uy), A € T, satisfying [u,u,] = 0, for all \,p € T,
A # p. An orthonormal basis in W is an orthonormal system generating a dense
submodule of W. It is well known that each Hilbert H*-module contains basic
elements, orthonormal systems and orthonormal bases (see [3] and [6]).

The following theorems are very important for Hilbert H*-module.

THEOREM 2.1. [3, Remark 1.] Let W be a Hilbert H*-module over an algebra
A. Then 1) |lx|* = sp([z,2]) = 7 ([z,2]); 2) llz, 9]l < 7([z,9]) < [l - lyll; 3)
lwall < llall - lzl] for allz,y € W, a € A.

THEOREM 2.2. [3, Theorem 1.6] If (ux),A € Y is orthonormal basis for a
Hilbert H*-module W over an algebra A, then 1) x =", ux[uy, z| (Fourier expan-
sion); 2) [, x] = 3\ [w,un][ur, ] (Parseval’s identity); 3) ||z||* = >, ||[ux, ]||?
forallz e W.

For more details, we refer to Saworotnow [7], Smith [9], Giellis [4], Molnar [6],
Cabrera et al. [3], Baki¢ and Guljas [2] and others.

Next, we introduce weak*-integrals of operator valued functions and state some
preliminary results. Let (2, %, 1) be a measure space. A mapping A: Q — B(H)
is called weakly*-measurable if the scalar function ¢ — (A f, f) is measurable for
any f € H. A mapping A is weak*-integrable if the function ¢t — (A.f, f) is
integrable for any f € H. Let C, = Cp(H) (1 < p < 400) be the space of all
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compact linear operators acting on H with norm [|All, = /3% s7(A) < +oo,

where s; are s-numbers of the operator A, and let C», be the space of all compact
operators with norm ||A|lcc = [|4|| = s1(A). If A: Q — B(H) is weak*-integrable,
then the sesquilinear form o: H x H — C, defined by o(f, f) = [, (Acf, f) du(t),
is bounded, so there exists unique bounded operator A (or [, .Adyu) which satisfies

AL.5) = [ (A du(t) forall f € .
Q
We formalize this in the following definition.

DEFINITION 2.1. Let A: Q@ — B(H) be a weak*-integrable function. The
bounded operator fQ Ady is unique operator for which

<</Q“4d“) f7f> =/Q<Atf,f> du(t)

For p > 1, denoted by %52, du, C,) the set

holds for all f € H.

{]—": QO — B(H) | F*F is weak*-integrable, / Fr*Fdup e C’p} .
Q

On this set introduce the following equivalence relation F ~ G iff (F; — G)f =
0 for all f € H, except on a set of zero measure. The quotient space denote by M,
for p > 1, and by M for p = 1.

We now state a theorem which will be necessary for the proof of main results.

THEOREM 2.3. [5, Theorem 2.1] The space (M, ||-||) is Banach space with norm

- 1l: M — [0, +00),
1
2
, for all F € M.

1 Fllar = H / F* Fdy
Q 1

3. Main result
The aim of this section is to study an example of H*-module.

THEOREM 3.1. The space M is a right Hilbert H*-module over H*-algebra Cs,
with the inner product [-,-]: M x M — Cy defined by

[F,g]:/f*gdu for all F,G € M.
Q

PrOOF. We shall prove that it satisfies the conditions of Hilbert H*-module.

For F € M, we have ([ F*Fduf,f) = [o IFf?du(t) = 0, so [F,F] =
Jo F*Fdu>0.

If [F,F] =0, then 0 = ([, F*Fdu f, f) = [o [ FefII?du(t) for all f € H, so
|[F:f|l =0 for all f € H, except on a set of zero measure. Therefore, F = 0.

We define the norm in the space M by || F|| = H[]:,]:}Hl%
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We have ([F,aGlf, f)= ([, FaGduf, f)=(a [ F*Gduf, f) = (a[F.GIf. f),
for all 7,G € M,« € C, hence [F,aG] = a|F,

)=
I
For F,G,H € M, we have ([]—'Q+’H]f,f Jo (FE(G+H) f, f) du(t) =
Jo (FeGuf. ) dult) + [o (FiH S, f) dult) = ((F.G) £, f) + ([F. H]f, f) . Hence
[F.G+H]=[F,G]+ [F, H

Next, we have ([F,GCf, f) = [, (F£G.Cf, f) du(t) = ([F,GICf, f) for F.G €
M, C € Cy. Thus [F,GC| = [F,G|C.

Let F,G € M. The function t — (F;G:f, f) is measurable for each f € H. In-
deed, it follows by the Parseval identity that (F;Gf, f) = > o0 (Gif, en) (€n, Frf)
for an orthonormal basis {e,} of H, and thus the pointwise limit of measurable
functions is also a measurable one. Moreover, for each f € H the function above is
integrable since

(FrGof, )| S (FFFS D GiG T ) <
For each orthonormal basis {e,, } of H holds

£l
n=1

1 1
I( Fi Gien,en)| dp < Z/ ]:t Fien,en)? <gt*gt€naen>2 dp
Q

1

Z ( -/T"f -/T"fe’naen dﬂ) (/ <g:<gtena en> dﬂ)
=1 \JQ Q

(o)) (S (Crow) )

= / }'*]—'du
Ja 1

hence [, F*Gdp, [, G*Fdp € Cy and

/}'*gdu < /}'*}'du -/Q*Qdu
Q 1 Q 1 Q 1

Next, ((fo F*Gdn)" f.9) = Jo (FiG, 9, 1 dult) = (Jo G F du f,g) . We have
proved [F,G]* =[G, F].

The space M is a Hilbert space with the scalar product (F,G) = sp([F,G]) =
sp ([, F*G dp) . Indeed, since

Z <[]:’ g]ek’ek> = Z <[g7]:]ek’ek>> Z <[a]:7 g]ek)€k> = az <[]:’ g]ek7ek>
k

k k k

(FFFSf )+ (GG f 1)) -

N | =

o0

/ <]:t*gten7 en> du‘
Q

n:l

2

2
Q 1

b

S (F+H.Glewser) = Y (1F. Glewsen) + D ([H, Glews ex)
k

k k
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for some orthonormal basis {e} of H, we have (F,G) = (G, F), (aF,G) = a(F,G)
and (F+H,G) = (F,G) + (H,G), for all « € C, F,G € M. We proved that
if (F,F) =0, then F = 0. The completeness of space M follows from Theorem
2.3. O

4. Applications

In this section we will show how the structure theorems for Hilbert H*-modules
can be applied to our case.

THEOREM 4.1. Let F,G € M and let X € Cy. Then
D o PGl < o FrFaul -] Jy 66 anll};
) o X FFX dul|, < | fo 7 dp], - XI55
3) JoF Gdu o G Fdu< | [ g*gd'uHB(H) Jo 7 F du.
PROOF. The properties 1) and 2) follow directly from Theorem 2.1. To prove
3), let F,G € M and let ¢ be a positive linear functional on B(H). Applying

the Cauchy-Bunyakovskii inequality for degenerate inner product ¢([,-]) on M we
obtain

o([F,G1G. FI) < ([F, F) 2 ¢([G1G, F,GIG, Fl))*
= o([F, F)zo([F, GG, GG, F])
P([F. FDHIG. Gl 3y o(IF. GG, FI)*.

Therefore, we have the inequality o([F,G][G, F]) < [|[G, Gl sca)ye([F, F]) for any
positive linear functional ¢, hence the statement 3) is proved. (]

e([F, 9119, F])

In the following proposition we apply some properties of the Hilbert H-module
to the particular module M.

PROPOSITION 4.1. a) The space M has orthonormal basis Uy which for
all F € M satisfies
D) F = 5Uy (Un, Fl);
i) [F, 7] =50 Uit 7],
i) 7, Flll = 2, s, FIIE.
et Fn, F,Gn, G, H € M. If
1) ”11_>II;O sp ([Fn, — F,H]) =0 holds for each H € M,
2) nl;ngo sp([Gn —G,Gn —G]) =0,
then

b)L

lim sp ([Fn,Gn] — [F,G]) =

n— 00

c) Let Fo,, F,Gn, G, H e M. If
1) nlgrolo |[Fn — F, H]|l; = 0 holds for each H € M,
2%) nhﬁ{l;o ||[gn —G,Gn — g]H1 =0,
then
nlggo [Fn, Gnl — [F, g]Hl =0.
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d) Let [F,F] be a projection in Cy (not necessarily minimal) for some F €
M. Then F|F,F]=F.

e) Let ©7, € Cy be a minimal projection for some f,g € H. Then there
exists an orthonormal basis (Ux) € M such that [Ux,Uy]) = Oy 4.

f) If there exists N > 0 such that ||[Ux,Us]||; < N for some mutually orthog-
onal elements (Uy) in M, then ||[Ux, F]||, converges to 0, for all F € M.

PROOF. The property a) follows directly from Theorem 2.2.

Since M is Hilbert space with inner product (F,G) = sp([F,G]) it satisfies
property b).

The inequality (.Gl — [F.G)y < [Fallys - 160 — Gl + 15— F.G],
holds, as in the case of Hilbert spaces. From the uniform boundedness principle,
we have sup || F,|| < oo, hence property ¢) follows.

n

Properties d), e) and f) follow from [2, Lemma 1.4 or Propositions 1.5,1.9]
applied to Hilbert H*-module M. U

REMARK 4.1. Properties b) and ¢) hold for any Hilbert H*-module with the
trace replaced by the scalar product and the norm with the appropriate one.

REMARK 4.2. The special case of [5, Theorem 3.4 a)], for p = 1, is a corollary
of Theorems 3.1 and 4.1.

Define the set My = {FX | X € Cs}, for some F € M. The hilbertian
dimension Co-dim Mz, generated by an element F, is equal to the cardinal number
of the set I of indices such that [, F*Fdu = > c; arOe, c,, where (O, ,) are
orthogonal minimal projections in Cy and «) > 0. The hilbertian dimension of
a submodule Mz can be greater than 1. Hence F = ZAE[ Vo Fy for Fy =
(y/ax) ' FOq, ., and (Fy) is orthonormal basis in Mr (see [2]).

An operator A: M — M is called Ca-linear if it is linear and satisfies A(FX) =
A(F)X, for all F € M, X € Cs. The set of all bounded Cs-linear operators on M
is denoted by Be, (M).

THEOREM 4.2. Let X € B(H) and X € M, where sup,cq ||X:|| = N < oco. The
operators Lx,Ly: M — M defined by
Lx(F)=XF, Lx(F)=XF,
belong to Be, (M) and the inequalities ||Lx|| < || X||, |[Lx|| < N hold.

PROOF. The operators are well-defined, because X F, X F € M when F € M.
Indeed, t — F}F X* X F; is weak*-integrable since

< / f*X*deuf7f> = [IXFRS aut) < IXI? [ 1701 (o) < o
Q Q Q

From the inequality F; X* X F < || X ||2F; F, for all t € Q, we have [, F*Fdp € Cy

and

1
11l

1
2

s ‘
1 1

1Lx(F)llar = | X Fllas = H / FXXFdy
JQ

/ F*Fdu
Ja




THE SPACE OF OPERATOR VALUED FUNCTIONS 7

Hence | Lx| < || X].
Next, F*A* X F is weak*-integrable since

< / FAXFduf, f > / |F 1P du(t) / 1] - 11 dua(e)
Q
<N / | FfI du(t) = N / (FLFAL ) dult)

_N < | FFants f>

F Fedpl(t) NP

B(H)

Hence [, F*X*XFdu € B(H).
We will prove that fQ F*X*XFdu € Ci. We have

+oo
= s] </ Frxr deu)
1 j=1

—+oo
Z (NQ/Q}'*]-'du> =N?) s, (/Q]-'*}‘du) = N?||F|2.
j=1

ILa(F)Py = |XFIRy = H /Q FXFdu

Therefore, ||Lx]|| < . O
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